Abstract The relative dispersion of the cloud droplet spectrum is a very important parameter in describing and modeling cloud microphysical processes. Based on the definition of skewness as well as theoretical and data analyses, a linear fitting relationship (a = 2.91e-0.59) between skewness (a) and relative dispersion (e) is established and a new method is developed to estimate the relative dispersion of the cloud droplet spectrum. The new method does not depend on any assumption of a particular distribution for the cloud droplet spectrum and has broader applicability than the previous methods. Comparisons of the three methods for the relative dispersion with the observed data supported the following conclusions. (1) The skewness of the cloud droplet spectrum is asymmetrically distributed. An assumption of zero skewness in quantifying the relative dispersion inevitably results in relatively large deviations from the observations. Errors of the estimated relative dispersion due to the omission of the skewness term are not solely related to the skewness, but rather to the product of the skewness and relative dispersion. (2) The use of the assumption that the cloud droplet spectrum takes a gamma distribution is similar to the assumption that the skewness is twice the relative dispersion. This leads to a better accuracy in estimating the relative dispersion than that with zero skewness assumption. (3) Comparisons with observations show that the new method is more accurate than the one under gamma distribution assumption and is the best among all the three methods. (4) It is believed that finding a better correlation between the skewness and the relative dispersion would further reduce the deviations for the estimated relative dispersion.
Introduction
Clouds cover approximately 60 % of the Earth's surface area (Rossow and Schiffer 1999; Deng et al. 2009 ) and have an important impact on the radiation budget of the earth-atmosphere system including both solar radiation and long-wave radiation components. Clouds are known to be affected by atmospheric dynamical processes and microphysical processes and their variations exhibit a great degree of complexity (Lu et al. 2016) . It is also believed that clouds are one of the most important sources of uncertainty in climate change, because changes in any of the cloud attributes, for example its amount, spatial distribution, lifetime and optical properties, can certainly alter the atmosphere radiative transfer processes and radiation balance.
The optical properties of clouds are a function of the effective radius (r e ) of cloud droplets. The cloud optical thickness (s) is given by
where H is the thickness of the cloud, q w the water density, and L the cloud liquid water content. Under the two-stream approximation of a homogeneous, plane-parallel and nonabsorbing cloud, the albedo of the cloud top (R) is given by (Bohren 1987) ,
where g is the asymmetry factor. Inspection of Eqs. (1) and (2) reveals that the effective cloud droplet radius affects the cloud optical properties. The effective cloud droplet radius is related to the volume radius (r 3 ) by a ratio (b, r e = br 3 ), which in turn is a function of the relative dispersion of the cloud droplet spectrum (e) (Pontikis and Hicks 1992; Martin et al. 1994; Daum 2000, 2002) .This indicates that the relative dispersion therefore plays a key role in determining the cloud optical properties because of its intrinsic relationship with effective cloud droplet radius. Moreover, e also affects the automatic conversion rate from cloud water into rain water (Liu et al. 2006a; Xie et al. 2013) , and consequently alters the lifetime of clouds. It is thus evident that the relative dispersion of cloud droplet spectrum (e) is a highly important cloud microphysical parameter.
Many studies have investigated the methods for obtaining the relative dispersion of the cloud droplet spectrum. Most of them employed observational data to establish a statistical relationship between the cloud droplet number concentration and the relative dispersion. Some of these statistical relationships showed a positive correlation between them, i.e., e increased with the increase of cloud droplet number concentration (CN) (Martin et al. 1994; Hudson and Yum 1997; Miles et al. 2000; Liu and Daum 2002; Liu et al. 2006b ), while others revealed a negative correlation (Pawlowska et al. 2006; Ma et al. 2010; Lu et al. 2012) . Furthermore, some of these studies have also shown that e converges at high cloud droplet number concentration (Zhao et al. 2006; Lu et al. 2007 ). These inconsistent conclusions thus suggest a complex relationship between the relative dispersion and the cloud droplet number concentration and a possibility that other factors may also play a part in affecting the cloud droplet relative dispersion. In addition to the statistical studies, theoretical models have been developed to estimate the cloud droplet spectral distribution. One such example was to obtain the analytical expression for relative dispersion through simplifying cloud droplets condensation growth equation. However, this approach failed to take into account the effects of the turbulence and collision processes and was only applicable to non-precipitation stratus clouds (Liu et al. 2006b ). In summary, the factors controlling and affecting e are currently poorly understood.
At present, many weather and climate models adopt the two-moment cloud microphysics scheme to simulate cloud processes by predicting cloud droplet number concentration and the mixing ratio of the hydrometeor composition.
Most of these schemes represent the cloud droplet spectrum using a three-parameter gamma distribution, n r ð Þ ¼ Nr l e Àkr , where n(r) is the cloud droplet number concentration per unit of volume and per unit of radius; r is the cloud drop radius; and N, l, and k are the parameters. N is often referred to as the intercept, k is the slope parameter, and l is related to the spectral width and commonly referred to as the shape parameter (Ferrier 1994; Meyers et al. 1997; Cohard and Pinty 2000; Milbrandt and Yau 2005a; Morrison et al. 2005) . N and k can be obtained from the cloud droplet number concentration and the hydrometeor mixing ratio, while l is assumed to be a constant or obtained using the statistical relationship between the relative dispersion and cloud droplet number concentration l,
Because of the lack of a generally valid statistical relationship between the relative dispersion and the cloud number concentration, other methods have been developed to obtain l values. For example, a kinetic equation for the cloud droplet spectral shape parameter was proposed and, after some simplifications and under several assumptions, an analytic expression for the shape parameter l could be derived. However, this method failed to produce satisfactorily accurate results (Khvorostyanov and Curry 1999a, b) . In another study, a triple-parameter cloud microphysics scheme was developed (Milbrandt and Yau 2005b ) that adopted the radar reflectivity of six moments as the predicted variable to derive the shape parameter. However, an analytical solution for the shape parameter from this method is infeasible and its requirement of intensive computational power prevents the widespread use of this method in modeling. A cloud microphysics scheme with multiple parameters was recently developed (Kogan and Belochitski 2012) to obtain a relational expression for the high-order moment of cloud droplets using bin modeling. This method requires an increased number of the predicted variables and is computationally intensive, but at the same time offers only limited improvement on accuracy in comparison to the two-parameter scheme. In a very recent work based on the two-parameter cloud microphysics scheme, Liu and Li (2015) used the cloud droplet condensation growth equation and exploited the features of gamma function to find solutions for obtaining the average radius of cloud droplets and the cloud droplet spectrum shape parameter. Using the average radius, volume radius, and their ratio, the cloud droplet spectrum shape parameter could be obtained first and, subsequently, the relative dispersion and cloud droplet distribution. With this approach, the two-parameter cloud microphysics scheme becomes a triple-parameter cloud microphysics scheme. A primary advantage of this method is that analytical solutions are achievable for the shape parameters and the relative dispersion. An application of this method to the WRF model has evidently improved the precipitation modeling to some degree. As mentioned above, this approach has been founded on an assumption of gamma distribution for the cloud droplet spectrum. Although a large number of observations have provided support to this assumption (Mason 1971; Sedunov 1974; Cotton and Anthes 1989; Pruppacher and Klett 1997) , some other observations have shown exceptional examples (Deng et al. 2009 ). Following our previous work, here we seek a general method for obtaining the relative dispersion and at the same time eliminate the assumption of gamma distribution with an aim of widening the application of this method.
Data and evaluation method
To analyze the skewness of the cloud droplet spectrum and evaluate our proposed method, we use the cloud droplet spectral data from the RACORO experiment (the Routine ARM aerial facility CLOWD Optical Radiative Observations campaign). The RACORO experiment was designed to investigate the boundary layer clouds over land, evaluate the high-resolution models, and improve the retrieval method. The experiment was conducted at Lemont, Oklahoma, USA (Southern Great Plains) from January 22 to June 30, 2009. Boundary layer clouds are frequently observed at the experiment site, and the high-quality surface observation system employed by this research campaign can support simulation studies and facilitate the assessment of various retrieval methods on the ground ). In the RACORO project, research aircraft (Twin Otter) of the research center of interdisciplinary remote control aircraft (CIRPAS) was used to comprehensively observe cloud, aerosols, radiation, and other meteorological elements on multiple vertical levels. The sampling heights were different from one flight to another, largely varying between 500 and 3500 m. In general, the flights were conducted once above the cloud top, once below the cloud base, and three times within the clouds. A cloud and aerosol particle spectrometer (DMTUSA Inc.) was deployed to measure cloud droplet spectrum at a sampling frequency of 10 Hz. This instrument measures the aerosol and cloud droplets within a radius in the 0.29-25 lm range, performing 20 interval measurements for the aerosol and cloud particles. Only cloud particles larger than 1 lm of average radius are considered in this work and included to calculate the cloud microphysical quantities (Lu et al. 2013 ). The experiment took more than 5 months and 260 flight hours, obtaining a large amount of data for the boundary layer cloud and aerosol properties.
To quantitatively evaluate the estimation methods, two measures are adopted: correlation coefficient between estimates and observations and standard error (r, root mean square error). The latter is defined as follows:
where X i is the estimated quantity, X is the observation, and n is the number of samples.
Estimation method for relative dispersion
The relative dispersion of cloud droplet spectrum is given by (Pontikis and Hicks 1992) e
where r is the standard deviation of cloud droplet spectrum, r 1 is the average radius, and e reflects the degree of the mean deviation relative to the average radius of the cloud droplet spectrum distribution. According to the definition of the relative dispersion, Eq. (4) can be written as
where r is the radius of the cloud droplet, n(r) is the cloud droplet number concentration per unit of volume and per unit of radius, and N is the total cloud droplet number concentration in a unit volume. Equation (5) is then expanded to yield
According to the definition of the average radius and the squared radius (r 2 ), Eq. (6) can be written as
and Eq. (7) can be written as
The skewness of the cloud droplet spectrum (a) is given by (Martin et al. 1994 )
The skewness represents the asymmetrical extent of the cloud droplet spectrum distribution relative to the average radius. At skewness of 0, the cloud droplets spectral distribution relative to the average radius is completely symmetrical.
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According to the definition of skewness, Eq. (9) is changed to
Moreover, using the definitions of the volume, square and average radius, Eq. (10) becomes
Using Eq. (8), Eq. (11) is then transformed into
Equation (12) indicates that relative dispersion can be estimated from the average and volume radius of the cloud droplet if an accurate skewness value can be obtained. Previous work by Liu and Li (2015) showed that in the two-parameter cloud microphysics scheme, the average radius of cloud droplets can be obtained from the cloud droplets condensation equation and is given by the following:
where L w is the liquid water content, S the supersaturation of water vapor, q w is the density of water, and G is given by
where T is the temperature, D v the water vapor diffusion coefficient, K d the thermal conductivity, L v the latent heat of condensation, R v the water vapor gas constant, and e s the saturation vapor pressure. For cloud droplets (r [ 1 lm), Kelvin and Raoult effect can be ignored and the effects of ventilation and accommodating are also neglected. The volume radius of cloud droplets is given by
Therefore, in the two-parameter cloud microphysics parameterization scheme and if the skewness is known, we can use Eq. (12) to find the cloud droplet spectrum relative dispersion without knowing or assuming the spectral distribution of cloud droplets.
Approximation of zero skewness
Equation (12) can be transformed into
If the term containing the skewness is neglected in Eq. (16) or the skewness is assumed to be zero, the relative dispersion (ẽ) is approximated bỹ e % ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 3
This approximation has been applied in some studies (Pontikis and Hicks 1992; Martin et al. 1994 , Liu et al. 2006b ). Martin et al. (1994) obtained the skewness of the cloud droplet spectrum distribution in continent and marine regions, respectively, and showed that the skewness of the cloud droplet spectrum mostly varied between -1 and ?1. They considered the skewness to be negligible and therefore neglected the term containing the skewness. So far, few studies have focused on the skewness of the cloud droplet spectrum. For this reason, we first investigate the skewness distributions of the cloud droplet spectrum. According to the RACORO cloud data, the clouds are divided into two categories-the cumulus and the stratocumulus or stratus clouds. Figure 1a depicts a skewness distribution of cumulus clouds, showing that the skewness distribution is asymmetric with most skewness values greater than zero. The peak of the skewness distributions corresponds to a skewness of approximately 0.2. The skewness ranges from -2.0 to ?5, with 99 % of the data distributed between -1.0 and ?2.0, with an average skewness of 0.279. The skewness distribution of stratocumulus and stratus clouds (Fig. 1b) again exhibits an obviously asymmetric distribution with the skewness values varying from -2.0 to ?5. The peak of the skewness distribution corresponds to a skewness of 0.2, and most of the skewness values are clearly greater than zero with 99 % of them falling between -1.5 and ?3.5 and an average skewness of 0.63. A closer examination of the skewness data shows that high skewness values are typically found at the edge of the cloud with lower cloud water content. Although Fig. 1 shows that the skewness of the cloud droplet spectrum clusters is nearly zero, some high values of skewness are still present. This means that an assumption of zero skewness is not always valid and that the neglect of the terms containing the skewness is not well justified.
The ratio of estimated relative dispersion of the cloud droplet spectrum (Eq. 17) to its theoretical value (Eq. 16) is given bỹ
This ratio measures the difference between the estimated relative dispersion and its theoretical value. A ratio of one indicates that the two values are equal. Inspection of the right-hand side of Eq. (17) shows that the deviation of the estimate from the theoretical value is related to skewness and to the product of the skewness and the relative dispersion (ae). Moreover, when ae C 0,ẽ ! e, and when ae B 0,ẽ e. If a relative error of less than 15 % for the estimate is assumed to be acceptable, from Eq. (18) 
Since its values correspond to the maximums of permissible relative deviation, the product ae is thus very important for the accuracy of the estimation. Next, we analyze the ae distribution based on the observational data. Figure 2a shows the distribution of the product of skewness and relative dispersion (ae) for the cumulus clouds, which is asymmetric with most of the values greater than zero. The ae peak corresponds to zero ae. The values of ae range from -1.0 to ?5 with 97.2 % of the data distributed between -0.84 and ?0.96, satisfying the accuracy criterion for estimates (i.e., the relative deviation lesser than 15 %). Figure 2b depicts the ae distribution for the stratocumulus and stratus. Again, the ae distribution is asymmetric, with a peak ae also corresponding to zero ae and most of the data obviously greater than zero. The ae values range from -1.0 to ?5 with 87.3 % of the data distributed approximately between -0.84 and ?0.96, guaranteeing a relative deviation smaller than 15 % for the estimates. A comparison of Fig. 2a, b indicates that the ae distribution for cumulus clouds is more concentrated near zero, and its relative deviation for the estimates obtained from Eq. (16) is smaller than that for the stratocumulus and stratus data.
Approximation method of the gamma distribution
A large number of observations have shown that a threeparameter gamma function can well describe the cloud Fig. 1 Skewness of cloud droplet spectrum: a cumulus and b stratocumulus and stratus Fig. 2 Product of skewness and relative dispersion of cloud droplet spectrum for a cumulus and b stratocumulus and stratus Skewness of cloud droplet spectrum and an improved estimation for its relative dispersion 51 droplet spectrum distribution (Mason 1971 ). For such a distribution, the pth moment of the cloud droplet radius (M p ) is given by
where C is the gamma function and p is the order. Therefore, Eq. (12) becomes
and for the gamma distribution, e 2 ¼ 1 lþ1 . From Eq. (22), we obtain that
Equation (23) indicates that the presence of the gamma distribution is similar to assuming that the skewness is equal to twice the relative dispersion. The percentage at which the gamma distribution approximation satisfies the condition of the relative standard deviation less than 15 % is 99.3 % for cumulus and 98.7 % for stratus and stratocumulus. Therefore, the use of gamma distribution for obtaining e is better than an assumption of zero skewness, especially for stratocumulus and stratus.
New estimation method
The above analysis with regard to gamma distribution indicates that the gamma distribution is similar to the assumption that the skewness is two times that of relative dispersion. A close examination of the scatter plot of observed skewness versus e (including cumulus, and stratocumulus and stratus) presented in Fig. 3 shows that the relationship between skewness and relative dispersion is not simply linear and that the skewness is also affected by volume radius and average radius. Thus, the assumption that the skewness is equal to twice the relative dispersion does not yield the best linear fit to the data. Using the least square method, we obtain the best linear fit as follows:
Substituting Eq. (24) into Eq. (12), we obtain
The relative dispersion can be obtained from Eq. (25). However, this approach can be complicated because we need to first solve a cubic equation and then two quadratic equations based on the method of solving quartic equations. We instead construct an iterative algorithm based on Eqs. (16) and (24) to obtain the relative dispersion:
1. Assuming a = 0, then
2. Iterating, i = 1,2,…N,
This iteration ends when À0:001
Àe i e i 0:001:
Test and comparison of three methods
To further evaluate the three different methods described in Sect. 3, we calculate the relative dispersion using all of them and compare the estimates with the observed ones (based on the definition and data of the cloud droplet spectrum). Figure 4 shows the scatter plots of the observed versus the calculated cumulus relative dispersion. As demonstrated in Fig. 4a , the deviation for the results obtained with the first method (zero skewness) is small at the lower end of relative dispersion (\1.0) and then increases rapidly at the higher end ([1.0). However, only a small fraction of data, approximately 0.073 %, exceeds 1.0 and the correlation coefficient between the estimates and the observations is 0.98. The relative dispersions values resulted from the second method (assuming that the gamma distribution) are well correlated with the observation data ( Fig. 4b ) with a correlation coefficient of 0.99. In the case of relative dispersion greater than one, the deviation is noticeably smaller than that produced by the first method. However, it can still be clear that most of the values obtained with the second method are higher than the observed values. Estimates of relative dispersion from our proposed new method are evaluated in Fig. 4c . The estimates and the observation are in very good correlation with the correlation coefficient, reaching 0.99. For the relative dispersion values higher than one, the new method is slightly better than the second method and shows smaller deviations from the observed values. Figure 5 shows the comparisons of the estimated and observed relative dispersion data for the stratocumulus and stratus. Figure 5a shows that the results from the first method for stratocumulus and stratus deviates slightly for relative dispersion values below 1.0, but the deviation increases quickly for the case of relative dispersion values above 1.0. The faction of relative dispersion values higher than one is approximately 1.6 %. This fraction is approximately 22 times higher than that of cumulus, and the deviation increased significantly. The relative dispersion values obtained using the second method show good correlation with the observation data with a correlation coefficient of 0.99 (Fig. 5b) . For the relative dispersion values greater than one, the deviation is obviously smaller than that of the first method. It is found that most of the values obtained with the second method are slightly higher than the corresponding observation values. Figure 5c presents the scatter plot of relative dispersion values obtained with the new method versus observations, showing that the estimates are in close agreement with the observations with a correlation coefficient of 0.99. As compared to the second method, it is found that the values obtained with the new method are distributed symmetrically relative to the observations. The estimated values from the new method are slightly smaller than the observed values for the relative dispersion greater than one, but these deviations are reduced in comparison to those resulting from the second method. Table 1 lists the standard errors of the three methods. Standard errors of three methods for cumulus clouds are all less than those for the stratus and stratocumulus. The standard errors of the new method are the least among the three methods. The standard errors from the second method are marginally greater than those of the new method. The results from this error analysis indicate that the new method has the highest precision among the three methods. In addition, the relationship between the skewness and the relative dispersion (Eq. 24) can also be directly used to solve the cloud effective radius. According to Eqs. (8) and (12), the effective radius (r e ) is r e ¼ r 3 3
Using the observed data, the volume radius, square radius, and relative dispersion are calculated. Next, following the definition of the effective radius and Eqs. (24) and (29), the observed and estimated effective radii are obtained, respectively. The estimates are well correlated with the observations (figure omitted). The correlation coefficients are close to one except for the case of stratocumulus and stratus using the first method, whose correlation coefficient reaches 0.99. Similar to Table 1,  Table 2 is the standard error of the effective radius between the estimates and the observations, from which the new method can be seen to produce the smallest standard error for cumulus clouds. In stratus and stratocumulus, the deviation of the new method is closely comparable to that of gamma distribution. Overall, the new method is the best.
Summary
First, the above analyses reveal that the skewness distribution of cloud droplet spectra is asymmetric for both cumulus and stratocumulus and stratus, especially for the latter. Second, relative dispersion of the cloud droplet spectrum is very important for cloud microphysical parameterization. An assumption of zero skewness is shown to produce relatively large deviations between the estimates and the observations. Moreover, if the term containing skewness is omitted in calculating relative dispersion, its deviations from the observations are related not only to the skewness, but also to the product of the relative dispersion and skewness. Third, the gamma distribution is similar to assume that skewness is twice the relative dispersion. The relative dispersion derived under the assumption of gamma distribution is better than that assuming zero skewness. As shown above, the new method (Eq. 25) to estimate the relative dispersion is developed using the best linear fitting (Eq. 24) between skewness and relative dispersion of the observational data. This new method does not depend on the droplet spectrum distribution assumption and hence widens it applicability. Comparisons with the observation show that the new method is better than that assuming the gamma distribution and is the best among all three methods. Finally, standard error analyses and the new method establishment illustrate that, if a better correlation between skewness and relative dispersion could be found, estimation deviations of the relative dispersion from the observations would be reduced according to Eq. (12) . Recognizing that this work only involved those data from the RACORO experiment, we recommend that more observations should be analyzed to test the applicable scope of the new method.
